Low-energy quadrupole states in neutron-rich tin nuclei by E. Yuksel et al.
PHYSICAL REVIEW C 97, 064308 (2018)
Low-energy quadrupole states in neutron-rich tin nuclei
E. Yüksel,1,2,* G. Colò,3,4,† E. Khan,5,‡ and Y. F. Niu6,§
1Department of Physics, Faculty of Science, University of Zagreb, Bijenička c. 32, 10000 Zagreb, Croatia
2Department of Physics, Yildiz Technical University, 34220 Esenler, Istanbul, Turkey
3Dipartimento di Fisica, Università degli Studi di Milano, via Celoria 16, I-20133 Milano, Italy
4INFN, Sezione di Milano, Via Celoria 16, 20133 Milano, Italy
5Institut de Physique Nucléaire, Université Paris-Sud, IN2P3-CNRS, Universite Paris-Saclay, F-91406 Orsay Cedex, France
6ELI-NP, Horia Hulubei National Institute for Physics and Nuclear Engineering, 30 Reactorului Street, RO-077125,
Bucharest-Magurele, Romania
(Received 7 February 2018; revised manuscript received 3 May 2018; published 13 June 2018)
We present a study on the isoscalar quadrupole strength in tin nuclei, focusing mainly on the low-energy region.
The calculations are performed using the Skyrme-type energy density functionals within the fully self-consistent
quasiparticle random phase approximation, allowing for a good description of the experimental data for the first 2+
state and the isoscalar giant quadrupole resonance. It is found that the first 2+ state and the low-energy quadrupole
states between 3 and 6 MeV display an opposite behavior with increasing neutron number. While the strength
of the first 2+ state decreases, some excited states start to accumulate between 3 and 6 MeV, and increase their
strength with increasing neutron number. This low-energy region between 3 and 6 MeV is quite sensitive to the
changes in the shell structure with increasing neutron number. In particular, between 116Sn and 132Sn, the filling
of the neutron orbitals with large values of j , has an important impact on the low-energy region. Our analysis
shows that the low-energy states have a noncollective character, except the first 2+ state. In addition, the states in
the low-energy region above 5 MeV display an interesting pattern: with the increase of the neutron number, their
strength increases and their nature changes, namely they switch from proton excitations to neutron-dominated
one. We conclude that the low-energy quadrupole states between 3 and 6 MeV can provide information about the
shell evolution in open-shell nuclei.
DOI: 10.1103/PhysRevC.97.064308
I. INTRODUCTION
Giant resonances (GR) are one of the most important tools
to probe the properties of nuclei, nuclear matter, and the nuclear
equation of state. They already provided a wealth of structure
information [1,2]. In recent decades, the development of new
experimental facilities allowed us to reach part of the regions
of the nuclear chart that extends out of the stability valley.
Therefore, theoretical investigations have also moved along the
same line to understand the structure and properties of exotic
nuclei with unusual neutron-to-proton ratios. One of the most
interesting properties of exotic nuclei is the formation of the
new low-energy dipole states, which increase their strength
with the neutron number along an isotopic chain.
These low-energy states are generally found below the giant
dipole resonance region, that is, between 8 and 12 MeV [1,3–
11]. It has been shown that the low-energy dipole states play
a relevant role in astrophysical processes [12,13], and it has
been suggested that they can also provide information about
the structure of exotic nuclei [14,15]. While some authors have
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employed the term “pigmy dipole resonance” (PDR) in this
context, the appearance of a resonance peak, if any, is certainly
nucleus-dependent and its interpretation is probably model-
dependent.
Apart from the low-energy dipole states, the formation of
the low-energy quadrupole states was also addressed in several
works. Among such first theoretical works are the calculations
performed using the well-known random phase approximation
(RPA) for the 28O nucleus, which is predicted as bound,
although unbound experimentally [16]. In this work, the low-
energy excitations were referred as giant neutron modes [17].
The quadrupole response in 28O nucleus has also been studied
using the continuum RPA [18]. In this case, the emergence
of a low-energy excitation is clearly a threshold effect and
not a collective one. Then, the distribution of the low-energy
quadrupole strength was investigated for Nickel isotopes,
using both the shell model and quasiparticle random phase
approximation (QRPA) with separable interactions [19]. The
authors predicted some fragmented low-energy quadrupole
strength above 4 MeV with increasing neutron number. Us-
ing RPA, an increase in the low-energy quadrupole strength
was also obtained in the selected tin nuclei with increasing
neutron number [6]. Recently, the formation of low-energy
quadrupole states was also predicted on Sn nuclei using the
quasiparticle phonon model (QPM) on top of Hartree-Fock-
Bogoliubov (HFB) calculations [20]. In this work, a group of
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low-energy quadrupole states was found between 2 and 4 MeV,
when increasing the neutron number, and referred as pygmy
quadrupole resonance due to their different character than the
first 2+ state and the isoscalar giant quadrupole resonance
(ISGQR).
The first experimental signatures for the so-called pygmy
quadrupole resonance states were obtained in the (17O,17O’γ )
reaction at 340 MeV [21] in the case of the 124Sn nucleus, where
a group of 2+ states were measured between 2 and 5 MeV
and interpreted as a quadrupole type oscillation of the neutron
skin. Recently, the low-energy quadrupole states were also
obtained using (α,α′γ ) and (γ,γ ′) experiments in 124Sn [22],
complementing the experimental results given in Ref. [21].
In a recent review about the pygmy dipole states, possible
formation of the pygmy quadrupole states in neutron-rich
nuclei was also pointed out [9].
Considering the recent theoretical and experimental results,
it would be interesting to investigate the sensitivity of the
low-energy quadrupole states to the neutron excess. Although
considerable amount of work has been devoted to studying
either the giant quadrupole resonance or the first 2+ states of
nuclei [23–28], there is not, to the best of our knowledge, a
detailed study addressing if and why some different kind of
low-energy quadrupole strength may develop as a function
of the neutron number. Therefore, in this work, we aim to
explore the evolution of the low-energy quadrupole states by
increasing the neutron number, using the QRPA with Skyrme-
type energy density functionals. The calculations are fully
self-consistent: time-odd terms, spin-orbit, and Coulomb are
included. QRPA is a well-known tool to study the nuclear
response, so that it can help to clarify the detailed structure
of the low-energy states below the giant resonance region.
Although QRPA does not include more complex configurations
than two quasiparticles [29], predictions about the evolution
and nature of the states in the low-energy region with increasing
neutron number can be nevertheless explored. As mentioned
above, the low-energy region between 2 and 5 MeV is named
as pygmy quadrupole resonance region in Refs. [20–22].
However, nature of these low-energy states is not clear yet as
we will discuss below. In the present work, this region between
the lowest 2+ state and ISGQR region is hereafter named
as the low-energy region, rather than the pygmy quadrupole
resonance region.
The paper is organized as follows. In Sec. II, we briefly
summarize the theoretical framework and the QRPA. In
Sec. III, some ground-state properties are discussed briefly,
and the isoscalar quadrupole response results are given for
the Sn isotopic chain. Especially, we focus on the low-energy
quadrupole states to clarify their nature and behavior with
increasing neutron number. The configurations of the excited
states and transition densities are also analyzed. Finally, the
summary and conclusions are given in Sec. IV.
II. THEORETICAL FRAMEWORK
In the present work, the ground-state properties of nuclei
are calculated within the Hartree-Fock BCS framework, using
Skyrme type SkM* [30], SGII [31], and SLy5 [32] interactions.
In the calculations, a zero-range density-dependent pairing
interaction is used [33],
Vpair(r1,r2) = V0
[
1 − η
(
ρ(r)
ρ0
)]
δ(r1 − r2), (1)
where ρ0 = 0.16 fm−3 is the nuclear saturation density and
ρ(r) is the particle density. The parameter η can be set
between zero and one, i.e., the volume and surface type
pairing interactions, respectively. Our procedure to constrain
the parameters of the density-dependent pairing interaction is
to consider the experimental values of both the neutron pairing
gap according to the three-point formula [34] and the first 2+
state energies and transition probabilities in Sn isotopes. We
find that the SkM* interaction with volume type pairing, which
is a specific case of the density-dependent pairing interaction,
reproduces the best the experimental data for the first 2+ state
energies and transition probabilities in the Sn isotopes as it
will be discussed in Secs. III A and III B. Therefore, in the
present work, we shall continue our analysis with volume-type
pairing interaction. In the calculations, the pairing strength (V0)
is taken as 210.0, 230.0, and 250.0 MeV.fm3 for SkM*, SGII,
and SLy5 interactions, respectively.
In this work, the QRPA calculations are performed on top of
the Hartree-Fock BCS approach. Since the QRPA method is a
well-known tool for the calculation of the multipole response of
nuclei (see Refs. [35–40]), we only mention the main equations
in this section. The QRPA matrix is given by
(
A B
−B∗ −A∗
)(
Xν
Y ν
)
= Eν
(
Xν
Y ν
)
. (2)
The A and B matrices are defined by
Aabcd = (Ea + Eb) + (uaubucud + vavbvcvd )V ppabcd
+Nab(J )Ncd (J )
[(uavbucvd + vaubvcud )V pha ¯d ¯bc
− (−1)jc+jd+J (uavbvcud + vaubucvd )V phac¯ ¯bd
]
, (3)
Babcd = −(uaubvcvd + vavbucud )V ppabc¯ ¯d
+Nab(J )Ncd (J )
[(uavbvcud + vaubucvd )V phad ¯bc¯
− (−1)jc+jd+J (uavbucvd + vaubvcud )V phac ¯b ¯d
]
, (4)
where Ea(b) is the quasiparticle (q.p.) energy of the states,
u and v are the BCS occupation factors, and Nab(cd) is the
normalization constant. In addition, V ppabcd and V
ph
adbc represent
the particle-particle (pp) and particle-hole (ph) residual inter-
actions, respectively. For a given excited state Eν , the contri-
bution of the proton and neutron quasiparticle configurations
is determined by the QRPA amplitudes,
Aab =
∣∣Xνab∣∣2 − ∣∣Y νab∣∣2, (5)
and the normalization condition can be written as∑
ab
Aab = 1. (6)
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FIG. 1. Calculated mean value of the neutron pairing gap using
Hartree-Fock BCS approach and Skyrme type SGII, SLy5, and SkM*
interactions compared with the experimental values.
The reduced transition probability for any operator ˆFJ is also
given by
B(EJ,˜0 → ν) =
∣∣∣∣∣
∑
cd
bcd (EJ )
∣∣∣∣∣
2
=
∣∣∣∣∣
∑
cd
(
Xνcd + Y νcd
)(vcud + ucvd )〈c|| ˆFJ ||d〉
∣∣∣∣∣
2
,
(7)
where |ν〉 is the excited state and |˜0〉 is the correlated QRPA
ground state. The energy weighted moments m1 and m0 are
defined using
mk =
∑
ν
B(EJ,˜0 → ν)Ekν . (8)
In this work, the continuum is discretized inside a spherical box
of 20 fm with 0.1 fm mesh size. We use a large quasiparticle
energy cutoff (Ecut = 100 MeV) in the QRPA calculations to
satisfy the energy-weighted sum rule (EWSR). The discrete
QRPA spectra are averaged with a Lorentzian having width
 = 1 MeV. The spherical symmetry is assumed in the calcula-
tions, which is appropriate to study the low-energy quadrupole
states in Sn isotopic chain.
III. RESULTS
In this section, the isoscalar quadrupole response in super-
fluid tin nuclei is investigated within the Skyrme energy density
functional framework, using the QRPA. A special emphasis
is given to the low-energy region of the quadrupole strength
to investigate and clarify the possible enhancement of this
strength with increasing neutron number.
FIG. 2. The proton (upper panel) and neutron (lower panel)
single-particle energies (εp(n)) calculated using SkM* interaction with
volume pairing in the Hartree-Fock BCS approach. The Fermi levels
are also shown with the thick blue lines (color online).
A. Evolution of pairing correlations and of the single
(quasi)particle states
Before discussing the evolution of the low-energy
quadrupole strength in tin nuclei, it is also useful to investigate
the changes in the pairing correlations and single(quasi)particle
states with increasing neutron number. Therefore, in this part,
we first give a brief overview of these changes relevant for
discussions of Sec. III B.
It is well known that the first 2+ state is rather sensitive to
pairing [28], while the impact of pairing on the ISGQR is weak.
To reach a more general understanding, the mean value of the
neutron pairing gap 
n is calculated using Hartree-Fock BCS
approach and displayed in Fig. 1 for SGII, SLy5, and SkM*
interactions. The experimental values are also obtained using
the three-point mass formula [34] and the binding energies
given in Refs. [41,42]. As expected, neutron pairing gap is
decreasing, from 116Sn to 130Sn, namely from the mid-shell
to the shell closure. With the chosen pairing interaction and
strength, our results are compatible with the experimental data.
In Fig. 2, we also display the proton and neutron single-
particle energies for tin nuclei using the Skyrme type SkM*
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TABLE I. The quasiparticle energies (Eq.p. in MeV) and occu-
pation probabilities (v2) of selected neutron states around the Fermi
level using Skyrme type SkM* interaction.
116Sn 120Sn 124Sn 128Sn
States Eq.p. v2 Eq.p. v2 Eq.p. v2 Eq.p. v2
ν1g7/2 1.52 0.65 1.77 0.79 2.07 0.89 2.38 0.95
ν3s1/2 1.22 0.61 1.30 0.75 1.41 0.85 1.55 0.93
ν2d3/2 1.26 0.32 1.15 0.51 1.15 0.71 1.23 0.88
ν1h11/2 1.65 0.22 1.41 0.36 1.24 0.54 1.12 0.75
ν2f7/2 6.62 0.01 6.05 0.01 5.49 0.01 4.94 0.01
interaction. Both proton and neutron single-particle ener-
gies, εi , decrease with increasing neutron number. However,
because of the dominance of proton-neutron over neutron-
neutron effective interaction, the effect is stronger on proton
energies; in other words, the proton states are more sensitive
to the neutron excess than the neutron states, as expected.
Therefore, while the proton Fermi energy goes down, the
neutron Fermi energy (obtained from the Hartree-Fock BCS
calculation) moves up with increasing neutron number.
The quasiparticle energy of the neutron states, which is
given by Ei =
√
(εi − λ)2 + 
2i , is affected by those changes
in different ways. In Table I, we show the quasiparticle energies
and occupation probabilities of selected neutron states around
the Fermi level for SkM* interaction. While the quasiparticle
energies of the 1g7/2 and 3s1/2 orbitals increase, they decrease
in the case of the 2d3/2, 1h11/2, and 2f7/2 orbitals with the
increase of the neutron number. For orbitals well above (below)
the Fermi energy, this behavior is expected to be driven by the
dominant factor |εi − λ| in the quasiparticle energy. For states
close to the Fermi energy, the value of the pairing gap plays a
role and the result is more subtle.
As for the v2 factors, the most important change occurs
in the occupation probability of the neutron 1h11/2 state,
increasing from 0.22 to 0.75 for 116Sn and 128Sn, respectively.
When it comes to 132Sn, this state is fully occupied, forming
the well known magic number N = 82, as expected.
It should be noted that different Skyrme energy density
functionals would predict different single(quasi)particle en-
ergies and occupation probabilities of states. Although we
only present here the results using SkM* interaction with the
aim of preventing from repetition, the single(quasi)particle
energies and the occupation probabilities exhibit similar be-
havior with increasing neutron number using SGII and SLy5
interactions.
B. The isoscalar quadrupole response in superfluid tin nuclei
1. Accuracy of the QRPA in the description of the low-energy
quadrupole states
We start our analysis by checking the accuracy of the QRPA
in the description of the low-energy quadrupole states in nuclei.
In Fig. 3, we present the first 2+ state energies and the corre-
sponding electric quadrupole transition probabilities together
with the experimental data. Both the first 2+ state energies
FIG. 3. Upper panel: Experimental and theoretical values of
the first 2+ state energies for the tin isotopic chain using SGII,
SLy5, and SKM* interactions. Lower panel: Corresponding reduced
electric transition probabilities. The experimental data is taken from
Refs. [43,44].
and the reduced transition probabilities are well reproduced
along the tin isotopic chain within our model calculations,
confirming the choice of the pairing interaction. Although
the agreement between our results and experimental data is
good, it should be noted that the results also depend on the
chosen Skyrme interaction. For instance, SkM* interaction is
more successful to reproduce the first 2+ state energies and
the reduced transition probabilities at the same time for nuclei
between 120Sn and 130Sn. For lighter nuclei, SGII and SLy5
interactions give better results. This difference comes from
the different spectral properties of protons and neutrons [24].
Pairing predicted by different Skyrme interaction is also known
to be quite important for the first 2+ state. Since the SkM*
interaction is more successful to reproduce the experimental
data for heavier tin nuclei, we continue our analysis with SkM*
interaction in the rest of this work.
Let us now study the quasiparticle configurations in the first
2+ states of tin nuclei using SkM* interaction. From 116Sn to
130Sn, the contribution of the proton 1g9/2–2d5/2 transition to
the first 2+ states gradually decreases from 7.20% to 2.63%.
Since the reduced electric transition probability depends on the
proton excitations, it also gradually decreases (see the lower
panel of Fig. 3). When it comes to 132Sn, the contribution of
the proton 1g9/2–2d5/2 transition increases to 24.35%, leading
to an increase in the reduced electric transition probability. The
increasing contribution of the proton transition is related to the
vanishing of the neutron pairing at N = 82 shell closure [27].
Finally, it decreases again in 134Sn, since the contribution of
the proton transition is less than 1.0%. Similar results are also
obtained using SGII and SLy5 interactions.
In Fig. 4, we also display the running energy-weighted
sum for 120Sn nucleus to check for the reliability of the
calculations in the isoscalar quadrupole channel. Up to 30 MeV,
the isoscalar sum rule saturates and exhausts 99.9% of the
EWSR for each interaction.
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FIG. 4. Running energy-weighted sum for 120Sn nucleus using
SGII, SLy5, and SkM* interactions, respectively. The gray shaded
region indicates the range of the double commutator sum rule value
for each interaction.
2. Evolution of the low-energy quadrupole states
with increasing neutron number
In the left panel of Fig. 5, the isoscalar quadrupole strength
is displayed for 116−132Sn nuclei using SkM* interaction. In
the high-energy region above 10 MeV, the isoscalar giant
quadrupole resonance states shift slightly downward with
increasing neutron number. From 116Sn to 132Sn, the centroid
energies (Ec = m1/m0) between 10 and 20 MeV decrease
smoothly by about 0.7 MeV from 14.07 to 13.36 MeV. Using
SkM* interaction, the ISGQR centroid energies roughly follow
68.3A−1/3 relation, which is consistent with the 64A−1/3
empirical relation [2].
We also notice an interesting pattern in the low-energy
region of the isoscalar quadrupole strength. First, the strength
of the lowest 2+ state decreases and its energy increases
from 116Sn to 130Sn, as already seen in Fig. 3. Second, the
low-energy region below the ISGQR becomes fragmented
in heavier neutron-rich nuclei, and some excited states with
higher strength start to appear between 3 and 6 MeV with the
increase of the neutron number. This pattern can also be seen in
the right panel of Fig. 5, where the reduced isoscalar transition
probabilities for the selected tin nuclei are displayed between
2 and 6 MeV. This behavior changes when it comes to the
doubly magic 132Sn nucleus: there, the lowest 2+ shows up as
a strong peak at 4.3 MeV as can be seen from the left panel of
Fig. 5.
As mentioned above the low-energy quadrupole states
between 2 and 5 MeV is named as pygmy quadrupole reso-
nance region in Refs. [20–22]. However, a pygmy resonance
should correspond to a nonnegligible fraction of strength,
concentrated in a narrow region, and not due to a trivial
threshold effect but to some decoupling of surface neutrons that
vibrate independently. Along this line, we cannot, in the present
work, positively conclude about the existence of a pygmy
quadrupole resonance as we will discuss below. Therefore,
the states between 2 and 6 MeV are just named as low-energy
quadrupole states in the present work.
3. The first 2+ state
First, we will explore the underlying mechanism for the
decreasing strength of the first 2+ state. For this purpose, the
quasiparticle configurations and their contribution to selected
excited states are analyzed for the 120Sn, 124Sn, and 128Sn
nuclei in Table II. It is known that both the number of
the configurations and the coherence among them play an
important role to determine the strength of an excited state.
The reduced transition amplitudes (bcd ) for the first 2+ state
show that all configurations provide a contribution having the
same sign, and thus contribute coherently (see Table II). In
the 120Sn nucleus, several transitions with comparable bcd
values contribute coherently and the first 2+ state exhibit
FIG. 5. Left panel: The isoscalar quadrupole strength in tin nuclei, using SkM* interaction. The low-energy strengths between 3 and 7 MeV
are also displayed in the insertion. Right panel: The reduced transition probabilities for the low-energy region of the isoscalar quadrupole
response.
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TABLE II. The quasiparticle configurations giving the major contribution for the first 2+ and the selected low-energy states in tin nuclei.
For each transition, configuration energies (Econf. in MeV), their contribution to the norm of the state (in percentage) and the corresponding
reduced transition amplitudes bph (fm2) (see Eq. 7) are given for 120Sn, 124Sn, and 128Sn, respectively. Herein, the superscripts π and ν refer to
the proton and neutron states, respectively.
120Sn 124Sn 128Sn
Configurations Econf. % bcd Econf. % bcd Econf. % bcd
ν1h11/2–ν1h11/2 2.82 26.25 22.32 2.48 44.0 25.66 2.24 70.52 25.53
ν1g7/2–ν2d3/2 2.93 16.88 10.27 3.22 9.28 5.58 3.61 3.47 2.09
First 2+ ν3s1/2–ν2d3/2 2.46 15.92 8.19 2.56 12.71 5.48 2.77 6.0 2.41
state ν2d3/2–ν2d3/2 2.31 12.27 7.67 2.29 13.88 6.48 2.45 8.33 3.36
ν1g7/2–ν1g7/2 3.55 10.48 9.05 4.14 5.62 4.59 4.76 2.56 1.88
π1g9/2–π2d5/2 5.82 6.18 11.69 5.98 4.68 8.88 6.16 2.63 6.08
Low-energy states at 3.55 MeV 3.97 MeV 4.44 MeV
ν1g7/2–ν1g7/2 3.55 75.90 − 15.51 4.14 79.10 − 12.62 4.76 63.86 − 7.81
ν1g7/2–ν2d3/2 2.93 4.30 3.02 3.21 4.87 2.74 3.61 4.95 1.93
ν1h11/2–ν1h11/2 2.82 17.66 11.91 2.48 7.55 7.66 2.24 4.74 4.93
ν2d5/2–ν3s1/2 4.40 0.90 − 1.14 4.82 2.66 − 1.60 5.26 4.35 − 1.39
ν2d5/2–ν2d3/2 4.25 4.56 2.06 − 0.99 4.93 5.03 − 1.05
ν1h11/2–ν2f7/2 7.86 6.74 0.70 − 2.12 6.06 7.30 − 6.82
Low-energy states at 5.60 MeV 5.33 MeV 5.0 MeV
π1g9/2–π2d5/2 5.82 67.20 − 16.57 5.98 32.66 − 11.78 6.16 24.27 10.31
ν1h11/2–ν2f7/2 7.46 10.54 − 5.60 6.74 19.48 − 9.03 6.06 35.50 14.03
ν1g7/2–ν1g7/2 3.55 2.74 2.14 4.14 3.58 2.19 4.76 20.0 − 4.04
ν2d5/2–ν3s1/2 4.40 2.61 1.58 4.82 3.45 1.57 5.25 3.06 1.21
ν2d5/2–ν1g7/2 4.87 3.35 0.57 5.48 30.67 − 1.45 6.08
ν2d5/2–ν2d3/2 4.25 0.91 0.63 4.56 4.93 6.90 − 1.15
large collectivity and strength. However, this pattern changes
with increasing neutron number. The neutron 1h211/2 transition
becomes dominant, with 70.52% probability, in 128Sn (this
value reaches 87.90% in 130Sn). Thus, the collectivity and
strength of the first 2+ state decreases in heavy tin nuclei. In the
132Sn nucleus, the neutron 1h211/2 transition does not contribute
to the first 2+ state due to the shell closure at N = 82. For this
nucleus, the neutron 1h11/2–2f7/2 transition becomes the first
possible transition after the shell closure and contributes to the
excited state with 64.4% probability. As mentioned above, the
contribution of the proton 1g9/2–2d5/2 transition to this state
also increases to 24.35%. Therefore, the location of the first
2+ state changes and moves to the higher energies.
To understand this decrease in the collectivity and strength,
let us now focus on the two-q.p. configuration energies, and
on the occupation probabilities of the associated states. The
first thing to notice is the change in the two-q.p. configuration
energies with increasing neutron number. The configuration
energies increase with neutron number, except for the neutron
1h211/2 configuration, where it decreases from 2.82 to 2.24 MeV.
There is an inverse correlation between the two-q.p. configu-
ration energies and their contribution to the lowest state: if
the configuration energies decrease (increase), their partial
reduced transition amplitudes increase (decrease). In addition,
the occupation probabilities of the states around the Fermi
level considerably change with neutron number. The matrix
elements of the ph and pp interaction do not change much, by
themselves, as a function of the neutron number. Nonetheless,
for the ph interaction, the u and v factors [cf. Eqs. (3) and (4)]
are responsible for keeping the ph matrix elements nonnegli-
gible for the neutron 1h211/2 configuration, and decreasing the
ph matrix elements between that configuration and the others.
This is due to the change on the occupation probabilities of the
neutron states with increasing neutron number, as explained
above in Sec. III A. As a consequence, the neutron 1h211/2
transition decouples from other transitions, and gives the most
important contribution to the first 2+ excited state in heavier
and open-shell tin isotopes. Due to the decreasing strength
of the attractive residual interaction, the first 2+ excited state
energies also increase with increasing neutron number.
4. The low-energy states
Pygmy dipole or quadrupole states have not been unam-
biguously characterized in the previous literature. If, in the
low-energy sector of the spectrum, some concentrated and
nonnegligible fraction of strength is found we could talk about
a pygmy state, provided it is clearly decoupled from other
states. In this case, it is also implicitly assumed that it is mainly
a neutron state and likely to be concentrated on the nuclear
surface.
The recent theoretical results obtained with QPM on top
of the HFB-QRPA indicate the presence of some low-energy
excited states in neutron-rich tin nuclei, that have been named
as pygmy quadrupole resonance states [20–22]. Using the
QPM, it was found that the low-energy states between 2 and
5 MeV exhaust 4.1% of the isoscalar EWSR for 124Sn nucleus
[22]. Experimental data are also available for 124Sn nucleus and
the excitation energies below 5 MeV [21,22]. Between 2 and
5 MeV, the low-energy states exhaust 3.8(5)% and 5.5(6)%
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TABLE III. The selected excited states in the low-energy region of the isoscalar quadrupole strength, corresponding reduced transition
probabilities (in units of fm4), and their contribution to the EWSR is presented in percentage for 120Sn, 124Sn, and 128Sn nuclei, respectively.
120Sn 124Sn 128Sn
E (MeV) B(E2:IS) % EWSR E (MeV) B(E2:IS) % EWSR E (MeV) B(E2:IS) % EWSR
2.62 342.0 0.41 3.01 243.4 0.31 3.34 557.2 0.78
3.55 91.0 0.15 3.97 426.7 0.74 4.44 1459.3 2.71
4.15 225.5 0.43 5.33 1835.7 4.28 5.0 2761.8 5.78
5.60 1712.0 4.43 5.55 704.8 1.72 5.16 203.8 0.44
of the isoscalar EWSR for the (α,α′) and nuclear resonance
fluorescence (NRF) [22,45] data, respectively. Using QRPA,
the quadrupole states exhaust 0.62% of the EWSR in 124Sn
nucleus, which is quite low compared to the experimental
data and the QPM calculations. Nonetheless, we find excited
states just above 5 MeV, exhausting a considerable amount of
the EWSR and that may correspond to the missing EWSR in
the low-energy region of 124Sn nucleus. Including the excited
states at 5.33 and 5.55 MeV, quadrupole states exhaust 4.26%
of the EWSR, which is comparable with the QPM and the
experimental data. In addition, we find that the transition
probabilities of the isoscalar quadrupole states increase with
increasing neutron number, which is consistent with the results
given in Ref. [20]. It should be mentioned that the QRPA
usually predicts a strength distribution which is reasonable
as a whole, while the coupling with more complicated con-
figurations changes the precise values of the energies and the
details of the strength fragmentation. Therefore, one may need
to vary the excitation energy interval in the low-energy region
to make comparison with the QPM results and experimental
data. However, we believe that the qualitative nature of our
conclusions is robust in this manner. Although one-by-one
comparison with the experimental data is not possible in the
low-energy region within the QRPA framework, the under-
lying reasons for the increase of the isoscalar quadrupole
strength with neutron number can be clarified. Therefore,
in the present work, we analyze the structure and evolution
of these states with increasing neutron number. Apart from
the most visible peaks above 5 MeV on Fig. 5, we also
consider the excited states below 5 MeV with small transition
probabilities.
In Table III, we present the results for the selected low-
energy states with corresponding reduced transition prob-
abilities using SkM* interaction. Their contribution to the
EWSR is also given in percentage. By increasing neutron
number, several excited states start to appear in the low-energy
region with considerable transition probabilities. While the
excited states start to accumulate between 3 and 6 MeV, their
strength and contribution to the EWSR increases. Considering
their behavior, a further investigation of these low-energy
quadrupole states is relevant to check for their nature.
To start with, we find that the second and third 2+ states
in neutron-rich tin nuclei lie below 3 MeV, except for doubly
magic 132Sn nucleus. In 120Sn, 124Sn, and 128Sn nuclei, second
and third 2+ states have quite low strength and are found
mainly formed with the neutron 2d3/2–2d3/2 and 3s1/2–2d3/2
transitions, respectively. Similar results were also obtained in
Refs. [20,22].
To clarify the underlying mechanism of the increase of
the isoscalar strength between 3 and 6 MeV, we analyze in
the case of the prominent states with considerable transition
probabilities, their major components and the associated con-
tribution to the transition probabilities in Table II. As we
mentioned above, apart from the states with the highest tran-
sition probabilities at 5.60, 5.33, and 5.0 MeV in 120Sn, 124Sn,
and 128Sn, respectively, we also analyze some excited states
below 5 MeV with comparable strengths. In Table II we also
present these low-energy states at 3.55, 3.97, and 4.44 MeV
for 120Sn, 124Sn, and 128Sn, respectively. By analyzing these
states, we obtain cancellations between the bcd transition
amplitudes, at variance with the first 2+ states. These excited
states are mainly formed with one or two two-q.p. excitations
and do not show a clear collective behavior. In addition, these
states are neutron dominated, and mainly based on transitions
within the same subshell. With increasing neutron number, the
excited states start to take contribution from various neutron
transition channels that appear in 128Sn nucleus. Nonetheless,
the collectivity of these states do not change much with neutron
number.
On the contrary, the states above 5 MeV are mainly made
from several excitation channels and have higher transition
probabilities, compared to the states below 5 MeV. By in-
creasing neutron number, the neutron transitions also start to
play a dominant role in this region: the strength increases and
the energy shifts down gradually. Similar to the states below
5 MeV, we also find cancellations in the reduced transition
amplitudes. In addition, we obtain an interesting behavior in
this region. First, the lowest proton 1g9/2–2d5/2 and neutron
1h11/2–2f7/2 transitions between the shell gaps play a major
role for these states. Second, these states change their behavior,
switching their structure from proton dominated to neutron
dominated excited states with increasing neutron number. For
instance, in the 116Sn nucleus, we obtain an excited state
at 5.64 MeV with 1065.0 fm4, exhausting 2.90% of the
isoscalar EWSR (see Fig. 5). This state is almost formed
with one two-q.p. configuration: proton 1g9/2–2d5/2 (76.05%).
In the proton channel, the 1g9/2–2d5/2 transition corresponds
to the first possible transition after Z = 50 gap. By increasing
the neutron number, the contribution of the proton 1g9/2–2d5/2
transition gradually decreases (see Table II). Meanwhile, the
contribution of neutron transitions start to increase, leading to
an increase in the isoscalar strength.
The second important contribution to the excited states
above 5 MeV comes from neutron 1h11/2–2f7/2 transition.
This transition also corresponds to the N = 82 gap for tin
chain. In contrast to the proton 1g9/2–2d5/2 transition, the
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FIG. 6. Proton and neutron transition densities for selected states in 116Sn, 120Sn, 124Sn, and 128Sn nuclei. The leftmost and the rightmost
columns represent the transition densities for the first 2+ states and GQR regions, respectively. In the middle, the proton and neutron transition
densities are shown for the most prominent peaks in the low-energy region. The vertical green lines (color online) represent the calculated
neutron radii for each nuclei.
contribution of the neutron 1h11/2–2f7/2 transition increases
with increasing neutron number. For instance, from 120Sn to
128Sn, the contribution of this transition increases from 10.54%
to 35.50% and reaches 38.0% in 130Sn. To explain the increas-
ing contribution of this transition, we analyze the unperturbed
two-q.p. energies and the residual interaction with increasing
neutron number. The configuration energies are increasing with
neutron number, except the neutron 1h11/2–2f7/2 transition.
From 120Sn to 128Sn, the two-q.p. energy of this transition de-
creases from 7.46 to 6.06 MeV. Moreover, as mentioned above
in Sec. III B 3, the change in the occupation probabilities of the
states with increasing neutron number affects the magnitude of
the attractive residual interaction: it increases for the neutron
1h11/2–2f7/2 transition. Since the occupation probability of
the neutron 2f7/2 state barely changes with increasing neutron
number, the filling of the 1h11/2 state has an important impact
on the neutron 1h11/2–2f7/2 transition, leading to an increase
of the residual interaction, the reduced transition amplitude and
the isoscalar strength, respectively. In addition, we find that
the attractive isoscalar residual interaction becomes weaker
for other two-q.p. configurations with increasing neutron
number. Under the influence of a weak residual interaction,
their location do not change much. Therefore, only two-q.p.
configuration transitions from 2d5/2–1g7/2 (for 124Sn) and
1g7/2–1g7/2 (for 128Sn), which lie close to these excitation
energies around 5 MeV, can mix with the proton 1g9/2–2d5/2
and neutron 1h11/2–2f7/2 transitions in heavy tin nuclei.
Considering the structure of the low-energy excited states,
we conclude that the main reason of the increase in the
low-energy strength is the increasing contribution of neutron
transitions, due to the filling of the high-j neutron 1h11/2 and
1g7/2 states with the increase of the neutron number. While the
excited states below 5 MeV are sensitive to the excitations
within the same subshell, the excited states above 5 MeV
could also provide information about the shell evolution of
neutron-rich nuclei, since the most important transitions in
the low-energy region correspond to the proton Z = 50 and
neutron Z = 82 shell gaps. Therefore, fragmentation of the
isoscalar quadrupole strength in the low-energy region can
be related with the changing shell structure of nuclei with
increasing neutron number.
The present calculations can be also performed using dif-
ferent Skyrme energy density functional parameters to check
the interaction dependence of the results. Although the SkM*
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interaction is used in the calculations due to its success in
the description of the experimental data for the first 2+ state
energies and the corresponding electric quadrupole transition
probabilities of heavier tin nuclei, we obtain similar results
using Skyrme type SLy5 and SGII interactions. We also find
that in the Pb isotopic chain, from 200Pb to 208Pb, a similar trend
emerges: while the isoscalar quadrupole strength decreases
for the first 2+ state, some excited states start to accumulate
between 3 and 6 MeV, whose strength increases with increasing
neutron number.
5. Transition densities
The transition densities are also useful to clarify the nature
and behavior of these low-energy states. An excited state can
be purely isovector (IV) if the transition densities of protons
and neutrons are out of phase. On the contrary, an excited state
can be defined as purely isoscalar (IS) if the neutron and proton
transition densities display in phase motion.
In Fig. 6, proton and neutron transition densities are dis-
played for the selected low-energy quadrupole states in 116Sn,
120Sn, 124Sn, and 128Sn nuclei. In the first 2+ state, transition
densities display an isoscalar behavior, with dominant neutron
contribution in the surface region. Similar to the first 2+
state, protons and neutrons also oscillate in phase in the
GQR region, as expected. In the middle two columns, we
display the transition densities for the most important peaks
above and below 5 MeV. As stated above, these states are
sensitive to the neutron excess, increasing their strength with
increasing neutron number. In contrast to the first 2+ state
and the isoscalar giant quadrupole state transition densities,
we find that the states below 5 MeV with lower transition
probabilities display a different behavior in 120Sn, 124Sn,
and 128Sn nuclei. Although the protons and neutrons mainly
oscillate in phase, we also obtain a mixture of isoscalar and
isovector motion of protons and neutrons inside the nuclei. In
addition, the neutron transition densities start to shift through
the surface region with increasing neutron number, while the
proton transition densities are not affected. This behavior is in
agreement with the features of the transition densities of those
states between 2 and 4 MeV, which are referred as the pygmy
quadrupole type oscillation of nuclei in Refs. [20,22]. In 116Sn,
the transition densities display a different behavior compared to
the heavier tin nuclei. We obtain an isoscalar motion of protons
and neutrons with dominant neutron contribution through the
surface region. This difference in the transition densities is
related with the difference in the two-q.p. configurations of
the corresponding excited states. While neutron 1g7/2 − 1g7/2
is the main two-q.p. configuration for the excited states in
heavier tin nuclei, both neutron 1g7/2–1g7/2 (44.50%) and
1h11/2–1h11/2 (52.77%) two-q.p. configurations are obtained
in 116Sn nucleus.
In addition, the states above 5 MeV with higher strength
display an isoscalar behavior. The proton transition densities
are dominant up to 120Sn. By increasing neutron number and
after 124Sn nucleus, the neutron transition densities start to
contribute more through the surface region. This is also an
indication for the change from proton dominated excitation to
the neutron one.
The pygmy dipole resonance, which is rooted in the neutron
excess of nuclei, may be described as an oscillation of the
neutron skin against the isospin saturated proton-neutron core
[3]. It is also known that the properties of the pygmy dipole
resonance region are correlated with the neutron skin thickness
of nuclei [46,47]. The low-energy quadrupole states also dis-
play some similarities as compared to the pygmy dipole reso-
nance properties, namely, their strength increase and excitation
energies decrease with increasing neutron number between
3 and 6 MeV. However, transition densities do not display
strong neutron dominance in the surface region compared to the
pygmy dipole resonance [5,7]. The neutron transition densities
start to be apparent in the surface region only after the 124Sn
nucleus. Therefore, we believe that the fragmentation pattern
in the low-energy region occurs due to the changes in the shell
structure of nuclei with increasing neutron number, and the
low-energy states do not display a quadrupole-type skin core
oscillation of nuclei.
IV. SUMMARY AND CONCLUSIONS
In the present work, we performed QRPA calculations for
the isoscalar quadrupole response of tin nuclei. The Skyrme
type SGII, SLy5 and SkM* interactions are used in the
calculations with volume type pairing. The first 2+ states and
the corresponding electric reduced transition probabilities of
the states are well reproduced in our calculations.
We investigate the changes in the low-energy region of the
isoscalar quadrupole strength with increasing neutron number.
The low-energy region of the isoscalar quadrupole strength is
fragmented with increasing neutron number. While the first
2+ state strength decreases, some low-energy states start to
accumulate between 3 and 6 MeV, increasing their strength
with the neutron number.
Below 5 MeV, the excited states are neutron dominated and
mainly display a noncollective character. Transitions between
the same subshells play an important role in this region, and the
summed transition strength between 2 and 5 MeV increases
with neutron number. In addition, the transition densities of
these states display a specific pattern. In neutron-rich tin nuclei,
the proton and neutron transition densities exhibit a mixture
of isoscalar and isovector character inside the nuclei, and an
isoscalar motion of protons and neutron is obtained through
the surface, which is different from the first 2+ state and
GQR behavior. In addition, neutron transition densities start to
dominate through the surface of nuclei with increasing neutron
number. Our results are also consistent with the findings in
Refs. [20,22]. Nonetheless, we cannot positively conclude
about the existence of a pygmy quadrupole resonance, and
we deem that more experimental and theoretical works are
needed to clarify the nature of these states in the low-energy
region.
The low-energy states above 5 MeV are also affected
by the increase of the neutron number. While the collec-
tivity and strength of these states increase, their excitation
energies shift downwards with increasing neutron number.
We also find that these states change their structure from
proton dominated to neutron dominated excited states with
the increase of the neutron number. The configurations of
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these states show that they are sensitive to the proton and
neutron shell gaps, and could also provide information about
the shell evolution in open-shell nuclei. The transition densities
also show that the protons and neutrons display an isoscalar
character.
From our analysis, we conclude that the fragmentation of
the low-energy strength is related with the changes of shell
structure of nuclei with increasing neutron number. Especially,
the filling of the high-j neutron 1h11/2 and 1g7/2 levels has an
important impact for the increase of the low-energy strength
between 3 and 6 MeV. Similar calculations are also performed
with different Skyrme energy density functionals and nuclei,
and we find that the fragmentation of the isoscalar quadrupole
strength in the low-energy region is independent from the
chosen interaction and isotopic chain.
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